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The treatment of exactly integrable systems in various branches
of two-dimensional classical and quantum physics has recently heen
placed in a unified framework by the development of the quantum inverse
method1-4. This method consolidates a broad range of developments in
classical nonlinear wave (soliton) physics, statistical mechanics, and
quantum field theory. The essential technique for analyzing exactly
integrable quantum systems was invented by Bethe in 19315, who constructed
the eigenstates of the isotropic Feisenberg spin chain. In various forms,
Bethe's ansatz has been used over the past 50 years to study a variety
of spin chains, two-dimensional lattice statistical models, many-body
problems, and quantum field theories. Ironically, the study of integra-
ble classical field systems is of much more recent origin, dating from
the fundamental work of Gardner, {Greene, Kruskal, and Miura in 19676, who
discovered the inverse scattering method for reducing the Korteweg-deVries
equation to a sequence of linear problems. It is the gquantum mechanical
extension of the inverse scattering method and its relationship to the
methods associated with Bethe's ansatz which form thée subject of this talk.

I'11l begin by reviewing the basic idea of the classical inverse
method. In this method one solves the initial value problem for a non-
linear equation of motion by considering an auxiliary linear eigenvalue

problem of the form
2 Plx) = z»@(* D EE3), (1)

For the most familiar cases (e.g. the nonlinear SchrBdinger and Sine-Gordon
equations), CQ\(%,f) is a 2x 2 matrix which depends on the eigenvalue

< and on a local field @(x) . A particular solution to (1) must be
specified by a Dboundary condition. For example, a matrix solution

may be specified at a point X by 91(10;'\ = T = identity matrix.
The nonlinear equation of motion for (ﬁ\yfiﬁ ig related to the

linear problem by allowing the eigenvalue equation (1) to depend para-
metrically on time in such a way that the time dependcnce of the solu-

tion ¥ is given by
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where LQQ is another Zx 2 matrix which also depends on the eigenvalue S



and on the field (P, %) . Eqns. (1) and (2) form a "Lax pair"

*bﬁ&q?;;j_cgﬁ'gz . The nonlinear equation for (f emerges as a

consistency condition from cross-differentiation of (1) and (2), i.e.
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By various choices for the matrices Gl“ , the equation [Zﬂv'::(j

reduces to certain nonlinear equations of motion for the field C? which
have the property of complete integrability. The matrix eigenvalue equa-
tion (1) was first introduced by Zakharsv and Shabat7 for the nonlinear
Schrbdinger egquation, and various nonlinear equations which could be
constructed from the consistencey condition (3) were first systematically
explered by Ablowitz et al.B. Here we will focus on the nonlinear Schrb-

dinger eguation
. E , 2
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which provides the simplest and most completely explored example of the

quantum inverse method. To recover this equation from (3), we choose
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lere and in the following discussion we will denote the eigenvalue 'S
by ,& to emphasize its eventual role as a momentum variahle in Bethe's
ansatz. o

The method for solving (4} consists of Ysequence of steps which
are quite analogous to the use of direct and inverse Fourier transforma-
tion to solve a linear equation of motion. At a fixed time, the linear
problem is used to define a transformation from the field Jfx) to a
set of scattering data oli) , k) which are obtained from the
asymptotic {in 'x ) behavior of a solution to (1). This will be referred
to as the direct transform. The inverse transform, which is accomplished
by the Gel'fand-Levitan technique maps the scattering data back to the
local field (¢ . Instead of dwelling on the classical method, we will
proceed directly to the guantum nonlinear Schridinger model (also known
as the delta-function gas) for which the field ¢ 1is an operator with
equal time commutation relations [(f'\x}fqﬂ(q)] :——X('x-—vbd . For
this case we construct an operator transform by considering a normal

ordered linear prohlem

:;l—y"? (, Z(\ =% Qab(’ tq) Tl '{2)" Y (6)

where GQ, is again given by {(5b) and EE is a normal ordered coperator
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functional of & and which may be written explicit 1y as a path-

ordered exponential string operator,
%

@[xiﬂ'—; 5 V &/X‘lp«g Q,k"j’»gk) '-u”a/: B (7)

»
Note that the path ordering refers to the matrix structure, while the
normal ordering refers to the operator structure.

In a unbounded system with a finite number of particles (zero
density) we may assume that @} —> O as N —>* oo in the sense
of weak convergence. I'1ll comment later on how to recover results for

finite density systems from this formalism. With this assumption we

find that

{:!7(-)('14:) 7——"-—--_-) V(x)&_)x {(constant matrix) , (8)
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where
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The scattering data operators G_K&J and Xr(&) are defined by compar-
ing the behavior of ¥ at—w and 4+ e« , specifically

Tl = L V) Tk Vi, )

(10)

The central property of the (_ and Q; operators is that they obey simple
commutation relations. These are most elegantly derived by the method of
Sklyanini, which was pattered after Baxter's treatment of the eight

vertex model . One compares equations for the guantities

Hnr\"‘) = .gb‘.n ?ﬂ.\ @ TE b‘; kl\ and H-;,‘b): ?E('x:‘i‘l) & g (7‘, i"ll) »

From (6), we see that
AW =10, e T +aTelpT Ll =0 | L )
where the subscripts refer to the eigenvalue, and
Fn: @el +T CIONESTICANC RV (12)
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In Eq. (12), W~ are Pauli matrices, and the last term arises from

normal ordering (11}. Similarly, by interchanging eigenvalues, we get
"I‘:] _— . * . a
—— H — A - r‘ H:Li - - (1"')
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The tundamental property of the matrices and is that the
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\h. L, Wmf> are found to bhe precisely the same as the states cons-
'

1
tructed hy Lieb and Liniger 0 in 1963 using Bethe's ansatz. This establish-
es the essential connection between quantum inverse methods and Bethe's
ansatz. The operator oh(hﬁ is the generating function for an infinite

numher of conserved operators. Another useful operator is the guantized

reflection coefficient Qf(&)'Z:jLi%J 0:4(£1)

eigenstates of Fl , but with a different normalization. The states created

y which also creates

*
by Rf are in fact the properly normalized states. R and K have very
simple commutation relations which are central to the formulation of the

inverse (Gel'fand-Levitan) transform to be discussed next,

Q) Rl = e 885 U R |

(20a)
Rk K len) = o 1Bl @ R 4 RS UL oo
/ 2
where ‘&i Ak&) = U;l":‘c’)/ (h;{»kr.) is the two-body

phase shift.

It should be remarked that all of these results have been derived in an
infinite volume. Since commutation relations of the form (17} hold not

only for ir‘ but for the solution 9? itself, the commutator algebra of
afs and ,lfs in a finite box may also be obtained by the same method.
This is the most straightforward route to discussion of finite density

svstems, but it leads to the following related complications

(1) only ol +aGe) ::“T?LZTUA) can be diagonalized, and
not ol and  oZ(ik) separately ; (2) the - -states (18) are
eigenstates of oo 4 o only if the values of ,&,)-,,)ﬂaN satisfy

certain constraints, which are precisely the periodic boundary conditions
of Bethe's ansatz in a finite box 3 (3) R(&J is not a useful operator.
A1l this makes the formulation of the Gel'fand-Levitan technique for
recovering ) from the scattering data operators difficult if not
impossible to carry out in a finite box. However, a suressful alterna-
tive has been formulated which aveoids the introduction of a finite box
but recovers the correct finite density results by summing a fugacity
expansion at finite temperature, as discussed below.

To formulate the Gel'"fand-Levitan method11, we consider a coiumq//

vector Jost solution



are related by a T -number similarity transformation

\‘1—11: & Fm.@—‘ (14)

vhere
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and X = é = X
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(16)

From this one finds that the quantities 1*11_ and P{i\ are related

by the same similarity transformation, which yields asymptotically a

set of commutation relations for the scattering data operators o a™ y
2. , and ,Kf s

R [Tt @ T = [Tt )e T(h) | R . (1o

From the commutation relations (17), it may be shown that states created

by the }L -operators acting on the vacuum (zero-particle) state,

\Q&I/EGQ/...,{;}QN>EE—(&.),@-l&l),_“%.ﬁ,kn) lo> {(18)

n
are eigenstates of the operators CK(L;) for any value of & . Moreover,
the Hamiltonian of the system H = géli{\a\q)“ 3P ¥ c:q‘)“c!"'q“ncﬁ'}
may be constructed from the coefficients of the expansion of de in
powers of \/kt , and is therefore also diagonal on the states (18},
M
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‘\"Uﬁ V’-) = kj‘w“’}"‘} \ (21)
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of the Zaharov-Shabat problem )\x =17 Ql—\{j , with boundary

condition for real Joa( y

o) e—l(«x/,l
Y — U (22)
W oo ’
We also need the conjugate solution
W
i: _ Y
. (23)

o

The Gel'fand-Levitan integral equation follows from a dispersion relation

for a (weakly) analytic operator function C:@ QX,M)/ which is equal to
N ——l)\ft?‘/:,_ , . . .
ﬂ}( & in the upper half-plane and has z discontinuity of

. B : —ilax
A< R(Q‘J—}(’X, ‘f{) < /e - across the real axis. It can
be shown that, for repulsive coupling, Cc >0 , @' is also analytic in

the lower half-plane and satisfies a simple dispersion relation, leading

to a pair of coupled integral equations for '\, and W_: )
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These may be solved by iteration. The field operator &ix) is recovered

from the Jost solution "k by letting D«.———?oc and noting the asymp-

totic behavior
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This gives @(*) and }.OU) = (ﬂ'.(’ﬂ) & (‘?’) as functionals of R(m.)

and Rb(g-l)
=~
Q) = MZ P ) , (26)
éb[v) Z_Oa b‘ (27)
where
@) = %% RG&) i R J (26a)
s o (B e b g Medepde Ry Rik)RiL)
(%&-M(Ha%) J (26m)
;1nd

(9 S dp (0 gy e R R()
ho (* &1‘-9‘ i) e (fiAe,-2€) (27a)
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The expansion (26) for ®{¥) has a very interesting property
in the limit of infinitely repulsive coupling’ C — o= 12. Surprising-
ly, in what locks like an expansion in positive powers of < , the
C —» o= limit can be taken term by term after symmetrizing the

integrands and using the L and R“R”™ commutation relations (20a).

For example, the second term Q’)\n gives in this way

P = S%_ua Y, olestsp)e RpRG)Ri,) \-Qer&x (28)
AT =Xt 2T ;
(V’s ‘*L)('ﬂ “L) K?.'/{«(__L’L_XC

which has the finite € —= w limit



(29)

where ’aQﬂ is the Fourier transform of the reflection coefficient,
Lot
. - jrgy
Bkrlrulgyﬁlﬂa}my)p-p (30)

and NR indicates normal ordering with respect to the R operators

(i.e. R*"s to the left and R's to the right). Term-by-term analysis
of the series (26), using the same procedure of symmetrization of inte-

grands, shows that
o) i il
P = Ng{‘;\‘g (8] Rm} (31)

The Gel'fand-Levitan series for (f(x) thus exponentiates into a Jordan-

Wigner transformation in the limit ¢ —5 s |,

¢

Q) = NR{W (qfﬁ"@ﬂ [ gul) Rm}
= etp (o | e Ryl ) (32

We note also that in the limit L —> o« , the two-body phase shift

-Q)*A —_— -\ , and the algebra of the R and R?: operators reduces
to canonical fermion anticommutation relations, e.g- in coordinate space
{ﬁ'&w),ﬁ'\"gﬂ =§ 8% fi""(?)}: ) and A, Wk = Slem 9

The Jordan-Wigner transformation is a standard trick in other contexts
for cenverting beson operators to fermion operators. Here it arises as

a special case of the Gel'fand-Levitan transformation. The nature of this
transformation in other models, particularly the two-dimensional Ising
model suggests a possible connection between exact integrability and
inverse scattering transformations on one hand and Kramers-Wannier duality
and order-discrder transformations on the other.

The Gel'fand-Levitan transformation for the charge density

%Qkx) » Eq. (27), also has some interesting properties which provide
the key to treatment of finite density systems without the introduction

1 . .
of a finite box 3. We wish to calculate the partition function

Q=T RACOND ) (33)



or more precisely, the connected part R“fz - This may be related to

certain "almost forward” matrix elements of the charge density }Oix] )

() = Lem Tn Y(«ﬁ) e"!g(H’/‘N) | (34)

i’r' -0

where

=

Y() = S S Fo et NT* o (35)
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with | = Galilean boost operator. The operation of inserting ‘{(%3
inside the trace and taking the limit 1r~%70 outside the trace simply
picks out the connected part. Using the Gel'fand-Levitan expression (27)
for ‘QQg) along with the algebra of the R operators, we obtain
the thermodynamics of the system at finite density and temperature first

i 14 . .
derived from Bethe's ansatz by Yang and Yang . The pressure G) is given

by

0=\ g (14epel) 36)

where G}(h) is the solution to a nonlinear integral equation

€ (i) “—“-if—f/« —-{gS K- k) QMO +e PCL“)) (37)

Here the kernel Y( is given by

= S

K= W (38)

The expansion of the pressure in powers c¢f the kernel K is in one~to-one
correspondence with the Gel'fand-Levitan expansion of the charge density
é,ix) » Eq. (27). The zero temperature ( 2 =22 ) limit of (37) reduces
)

to a linear integral equation

Foos
ALl

-
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J \ d \<l\{4 ) /:(f:e’) . {(39)



where the "Fermi level” k&p is determined by é:(iﬁlp) = . The
spectrum of excitations above the ground state is given simply in terms
of the function E(ﬁ) . (It consists of particles with energy & (i)

and holes with energy —-E(k) ).} This spectrum was first obtained by Lieh,

using Bethe’'s ansatz and periodic boundary conditions in a box. llere,

we have managed to obtain the fundamental spectral equation {(37) or (39)
without introducing a box and ruining the simple properties of the i{
operators. The use of the Gel'fand-Levitan formalism in finite temperature
calculations of the type described here may offer a promising approach to

the study of Green's functions for exactly integrable theories.
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